To study the electrochemical reaction on surfaces, phase interfaces, and crack surfaces in the lithium ion battery electrode particles, a phase-field model is developed, which describes fracture in large strains and anisotropic Cahn-HilliardReaction. Thereby the concentration-dependency of the elastic properties and the anisotropy of diffusivity are also considered. The implementation in 3D is carried out by isogeometric finite element methods in order to treat the high order terms in a straightforward sense. The electrochemical reaction is modeled through a modified Butler-Volmer equation to account for the influence of the phase change on the reaction on exterior surfaces. The reaction on the crack surfaces is considered through a volume source term weighted by a term related to the fracture order parameter. Based on the model, three characteristic examples are considered to reveal the electrochemical reactions on particle surfaces, phase interfaces, and crack surfaces, as well as their influence on the particle material behavior. Results show that the ratio between the timescale of reaction and the diffusion can have a significant influence on phase segregation * Corresponding author 
Introduction
Lithium ion batteries, with their high energy densities and light-weight designs, have found wide applications in portable electronics and electric vehicles.
A typical lithium ion battery cell is illustrated in Figure 1 . The current collectors and the binders between the electrodes (not depicted here) conduct the 5 electrons, while the separator only permits the diffusion of lithium ions. The anode and cathode particles are surrounded by the electrolyte. Lithium ions intercalate into the electrodes through electrochemical reactions on the surface of the particles. In the electrochemical system of a battery, the reaction rate is a key point since it is directly related to the charging/discharging performance of Based on this model, Bai et al. [2] discussed the suppression of the phase segregation under large reaction rate. The two dimensional case, which also coupled the Cahn-Hilliard bulk diffusion was studied by Dargaville different limits of the 1D case, they discussed when the orthotropic diffusivity becomes more isotropic. In the mechanically coupled modeling, there has also 20 been a tendency recently to treat the electrochemical reaction on the surface directly through the BV equation rather than simply to replace the reaction by a source of constant or time dependent flux [4, 5] .
The mechanical degradation of the electrode particle is widely believed to be closely related to the failure of the batteries and has been intensively stud-25 ied in various chemo-mechanical coupled models [6] [7] [8] [9] . However, those models mainly treat the diffusion process as in a dilute solution, where the concentration smoothly changes with the incoming/outgoing flux, accompanied by a homogeneous "breathing-like" expansion and shrinkage of the particle, which will hardly lead to the failure of the electrode particles. In the work of Huttin et al. [10] and 30 Walk et al. [11] , Cahn-Hilliard equation was employed to investigate the stress state and compared it with the case of a dilute solution. The diffusion process was treated as isotropic in both works. However, as Rohrer et al. [12, 13] have pointed out from first principle calculations, the anisotropic volumetric expansion in Silicon will indeed initiate cracking, especially in large particles,
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where the segregation between amorphous and crystalline silicon phases can not be suppressed. Moreover, in positive electrode materials such as LiFePO 4 , striped phase boundaries have observed by Chen et al. [14, 15] because of strong anisotropy and phase segregation. It demonstrates the necessity to employ a Cahn-Hilliard model and to consider the anisotropic diffusion property coupled 40 with large deformations in describing the bulk behavior of the particle.
The dynamics of crack propagation in lithium ion battery electrode particles has long been a challenge. Recently, as the concept of phase-field modeling finds more applications in different disciplines, phase-field methods are also introduced to predict the crack propagation coupled with diffusion. In the phase-
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field fracture models, the damaged and undamaged materials are considered as two different phases, indicated by the distinct values of the order parameter.
Schneider et al. [16] proposed a model coupling the mechanics with a general multiphase and multicomponent phase-field approach to describe the diffusion and crack propagation in brittle materials. Liang et al. [17] developed a phase-50 field model to predict the crack evolution in LiFePO 4 cathode nanoparticles in of Li-ion batteries. Concurrently, the phase-field fracture simulation in silicon anodes is also carried out by Zuo et al. [18] . Recently, Miehe et al. [19] conducted a comprehensive study on chemical reaction on fracture surfaces in the framework of phase-field fracture modeling, in addition to the reactions on 55 exterior surfaces.
In this paper, the authors propose a phase-field model which accounts for electrochemical reactions on different interior and exterior of phases and crack surfaces based on the fully coupled Cahn-Hilliard-Reaction (CHR) model proposed in the work of Bazant [20] . To meet the demand of higher-order continuity
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arising from the Cahn-Hilliard equation, isogeometric analysis is employed.
The paper is organized as follows. In section 2, the phase-field fracture model coupled with anisotropic Cahn-Hilliard-Reaction problem in large strain model is formulated. The modeling of electrochemical reactions on the surface, phase interface, and on the crack surface is shown in section 3. Numerical details are given in section 4. Finally, three examples are given in section 5 to discuss the reaction rate, anisotropic diffusion, and the reaction on the crack surface.
2. Phase-field model of fracture and phase separation
Kinematics
According to continuum theory, the material coordinates X label each material point, while the spatial coordinates x denote points in the space. The motion of the body can be described by tracking the spatial coordinates of the material points at time t, i.e. x = φ(X, t). The deformation gradient at a given time is then defined as
in which ∇ R denotes the gradient with respect to the material point X in the reference (material) configuration. The deformation gradient is multiplicatively decomposed into two parts:
where F e denotes the elastic distortion, and F c the (de-)intercalation-induced deformation. The (de-)intercalation-induced deformation is usually assumed to be volumetric, and it can be further defined as
in which c R (X, t) is the molar concentration per unit volume in the reference configuration, and Ω is the constant partial molar volume. Applying the normalization with respect to the maximum concentration c max ,
one has
On the other hand, one can also define the volumetric part of the elastic con-
The right Cauchy-Green deformation tensors are
Due to volumetric feature of F c , the deviatoric part of the total deformation equals that of the elastic deformation, i.e.,
C =C e , withC = J
It follows thatĪ
From the deformation gradient, the Green-Lagrange strain tensor is then defined
Free energy density
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We assume a free energy coupling the chemical and the mechanical field with a damage variable ξ as
where
and ψ e R are the bulk chemical free energy, the phase interface free energy, the fracture free energy, and the elastic free energy, respectively.
In this paper, entities with subscript R indicate those defined per volume at reference configuration, unless otherwise indicated.
The first two terms allow for coexistence of two phase with different Lithium concentration, and the phases are separated by a diffusive interface. The bulk free energy ψ c R is only dependent on the concentration c and is given as
in which R and T are the gas constant and the reference temperature, respec-
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tively. To achieve a double-well function of ψ c , so that this energy density allows for a coexistence of two phases, one need to choose χ > 2. In the simulation, χ = 2.5 is adopted.
The interfacial free energy ψ i R gives an energetic penalty for the interface, which is expressed as
Here, K is an interfacial parameter, which is defined as
to exhibit an orthotropy of the interface. The parameters κ x , κ y and κ z are related to the interfacial thickness in the corresponding directions. For a 1D
case, if the elastic influence is absent, we can obtain the interfacial thickness and the integrated interfacial energy as [21] 
where s is the interface thickness defined as in Figure 2 
Here, G c is the critical energy release rate, and is a length scale which determines the width of the transition zone between the unbroken and the broken region. For simplicity, for the undamaged region an isotropic neo-Hookean model is
in which K c and G c are phase-dependent elastic moduli which are expressed as
Here, K 0 , G 0 and c in are constants, and can be determined by a linear fitting of the measurements of the elastic moduli at different concentrations. For more details of an undamaged isotropic model we refer the reader to our previous work [23] .
Following Schneider et al. [16] and Zuo et al. [18] , we ignore the direct influence of diffusion on the crack propagation. That is, the chemical field will not directly lead to fracture, but through the stress field. Moreover, to account for the fact that cracks will not propagate under compressive volumetric stresses, the elastic free energy can be split into a positive part ψ e+ R and a negative part ψ e− R . The latter will not be involved in the coupling with the fracture. More specifically, the two parts take the form of
in which
The elastic energy is defined as
in which, 0 < η 1 is a constant introduced to prevent singularity inside the 95 broken phase when ξ = 0. This method has been successfully implemented in the works of Kuhn et al. [24, 25] and Schlüter et al. [26] with a careful choice of η.
Governing equations
In this model, there are three sets of field variables: a molar concentration c R , displacements u, and a damage variable ξ. The variation of the total free energy can be expressed in terms of variations of those variables as
in which S R is the second Piola-Kirchhoff stress tensor, µ R is the chemical potential, ζ is the driving force for the fracture. Ψ is defined as the free energy over the whole body as
With ψ R defined in (11), the variation of Ψ is given by
Comparing (23) and (25), S R , µ R , ζ can be written as
with two boundary conditions K∇ R c R · n R = 0 and ∇ R ξ · n R = 0 to be fulfilled 100 on the boundary surface in the reference configuration ∂B R , in addition to the Dirichlet and Neumann boundary conditions from physical constraints and fluxes.
As for the governing equation of the mechanical part, we assume a quasistatic loading, thus ignoring the inertia terms. The governing equation for the local force balance in the body of the reference configuration B R reads
where P R is the first Piola-Kirchhoff stress, defined as
Molar concentration c R is a conserved order parameter and subject to CahnHilliard-type kinetics. In the authors' previous paper [23] , the species are assumed to be driven by a flux defined in the reference configuration, which leads to simplification in finite element implementation. In the present paper, a more physically based kinetics is employed, which defines the flux by the gradient of chemical potential at the current configuration. More specifically,
where the subscript C denotes quantities defined in the current configuration.
In the body B C , the Cahn-Hilliard-type diffusion applies in the virgin state, while in the damaged region no diffusion is considered. It leads to
where M c is a mobility tensor defined as
with c(1 − c) representing a degenerated mobility towards c = 0 and c = 1.
On the boundary surface ∂B C and the surface of a newly created crack Γ f , the flux is dependent on the electrochemical reaction, which follows a phenomenological Butler-Volmer equation. More details will follow in sections 3.1 and 3.2.
Therefore, the flux is given as
Based on density functional theory calculations, Rohrer et al.
[13] have concluded that the anisotropy of mobility is a consequence of orientation-dependent interface energies, and that high-energy interfaces are more mobile than lowenergy interfaces. By recalling (16) , it can be concluded that a higher κ leads to a larger M . For simplicity, a proportional relation is assumed, that is,
The chemical potential µ R expresses the free energy change for adding/subtracting one mole lithium into/out of the system, thus being the same for any configurations. The subscript R only indicates the fact that it is calculated by quantities in the reference configuration. Given the condition that the total mass should be conserved in different configurations,
equation (29) can be pulled back straightforwardly to the reference configuration
For later discussion, a dimensionless activity a is introduced
and an activity coefficient γ as a ratio γ = a/c. Note that, when a = c and thus 105 γ = 1, this model degenerates to an ideal dilute model.
As for a non-conserved order parameter ξ, the evolution equation follows an Allen-Cahn-type equation
with M ξ as the mobility for the evolution of ξ. Following Miehe et al. [27, 28] and Borden et al. [29] , to mimic the irreversibility of the crack, a strain-history field H R is introduced as a substitution of ψ e+ R , which satisfies the Kuhn-Tucker conditions
The evolution for ξ then reads
In summary, the governing equations for three field variables u, c and ξ are given in (27) , (34) and (38), respectively. 
Modeling of electrochemical reaction
3.1. Reaction on particle surfaces
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On the particle surface, a Faradaic reaction
takes place, during which a Li-ion consumes an electron, as shown in Figure 3 .
The resultant neutral Lithium inserts into the host material.
The rate of the reaction is described by a phenomenological Butler-Volmer (BV) equation,
in which c s with the unit of mol m −2 is the molar concentration of intercalation sites on the surface, R BV is the reaction rate in unit s −1 . Moreover, τ 0 is the mean time for a single reaction step, which will be set differently to mimic a slow or fast reaction process in the simulation. The parameter γ A denotes the chemical activity coefficient of the activated state, which is taken as (1 − c) −1 , while β is a symmetry factor for a forward and backward reaction indicated in (39) and is set to be 0.5. The Faraday constant F describes the amount of electric charge of one mole electrons. For more details on coefficients of this model, one can refer to the work of Bai et al. [2] and Dargaville et al. [3] .
The definition of a has been introduced in (35). The parameters a + and a are activities of Li + and Li, respectively. Since Li + diffuses in the electrolyte much faster than Li diffuses in the electrode [2] , a + is set to be unity for simplicity.
For a similar reason, the activity of electrons a − is also set to be 1. The surface overpotential η s R is defined as the electrostatic potential of the working electrode relative to a reference electrode of the same kind placed in the solution adjacent to the surface of the working electrode. It can be expressed in terms of the electrochemical potentials as
where µ Li , µ Li + , µ e − are electrochemical potential of Li, Li + and e − , respectively, and which are expressed as
Here, φ e denotes the electrostatic potential of the electrode, and φ represents that of the electrolyte. Insertion of the last three equations into the surface overpotential given in (41) leads to
where ∆φ = φ e − φ is the voltage drop across the electrode/electrolyte interface.
As mentioned, the subscript R in η is only to indicate that it is expressed by quantities in the reference configuration and is independent from the chosen 115 configuration. On the other hand, the fluxĵ s is flow rate per unit area and is dependent on the configuration. However, this dependence is fully described in the parameter c s . Therefore (40) is valid for both configurations, with the corresponding c s . The same applies for the next section, where the reaction on the newly created crack surfaces is discussed.
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By substituting (12), (26b) into (45), the normalized overpotential can be expressed as
where µ e = (1/RT)∂ψ 
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Substitution of (46) into (40) leads tô
Reaction on crack surfaces
In the framework of phase-field fracture models, the crack interface can be tracked through ξ(ξ − 1) = 0 or ∇ξ = 0. Therefore, the boundary flux can be weighted by functions containing either or both of these two terms, in order to consider the reaction at the crack interface. 
in which is a length parameter and related to the interface thickness. The weight function g(ξ) contains either ξ(ξ − 1) or ∇ξ as a factor. If the flux is kept constant across the interface, or varies very little along the direction of ∇ξ, we can observe the following relation
It follows that the approximation of (48) is valid, if
It should be commented that there will be several factors that can influence the accuracy of the approximation.
• The phase-field approximation of the cracked phase interface will determine the choice of g(ξ). Usually g(ξ) is chosen based on an uncoupled model for simplicity. However, when the mechanical stresses come into 150 play, the ξ profile can be different. The error can be even larger when ξ(ξ − 1) is used as its weighting term, since ξ might not be 0 and 1 in two homogeneous phases, depending on the boundary condition given (the reader is referred to [29] for more details). Therefore g(ξ) needs to be modified accordingly, when the influence of stresses is not negligible;
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• The flux can vary strongly across the phase interface, especially when the diffusion is so slow that the concentration varies greatly along the direction of ∇ξ, making electrochemical reaction on/in the interface highly fluctuating in a small range. In these cases the equation (49) may not be accurate enough. One can, for instance, increase the polynomial or-160 der of g(ξ), so that the fluctuation of the reaction will become negligible compared to g(ξ).
As a simple case, we set g(ξ) = Aξ 2 (1 − ξ) 2 with A being a coefficient to be determined. To this end, firstly, the profile of ξ(x) across the interface on one side can be obtained by solving the following uncoupled 1D problem at
The solution reads
Inserting (52) into g(ξ) and integrating over the whole length L, one has
which gives A= 6 and g(ξ) = 6ξ 2 (1 − ξ) 2 . The evolution for the concentration can then be expanded from (34) as
in whichĵ s is given in (47) to account for the flux due to electrochemical reaction.
Numerical treatment
Normalization
For the convenience of finite element implementation, the model presented above is normalized first. Introduce a dimensionless form of space and time as
in which L 0 is a characteristic length scale, which is identical in the three directions, and D is a diffusion coefficient of one direction. Energy density is scaled by RTc max , and the other quantities can be normalized accordingly as
For the fracture model, the normalized fracture length scale, energy release rate and the mobility are
For the reaction, the surface site concentration c s and the single reaction time
Thus the normalized governing equations can be summarized as:
withj s defined aŝ
Implementation details
This model is implemented by using the finite element program FEAP [30] with Non-Uniform Rational B-Splines (NURBS) as shape functions for the spatial discretization, which allow for a straightforward treatment of the fourth- For more details about λ the reader is referred to our previous work [23] . A backward Euler method is employed for the time integration, and Newton-Raphson iteration scheme is used for the nonlinear system of equations at each time step.
The above mentioned 6 field variables are interpolated under an isoparametric/isogeometric concept as
where (·) I is the value at the I-th control point, and N I is the NURBS shape function associated with the I-th control point. The repeated I invokes the Einstein summation. The gradient terms are thus given by
where E is the Green-Lagrangian strain tensor in Voigt notation,
and 
Here, N I ,i denotes ∂N I /∂X i , and F ij are the components of the deformation gradient F.
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Thus the discretized weak statement of (59) reads
in which the residuals are
Construction of the corresponding tangent matrices can be achieved according to the finite element theory.
Simulation results
Reaction on the particle surface
To study the phase segregation under different diffusion and reaction limits, a sphere with isotropic material is considered, where a homogeneous initial and boundary setup is also given. Symmetric mechanical constraints are applied on the planes of symmetry, while the spherical surface is set free from stresses.
Electrochemical reaction takes place on the surface of the sphere, across which a constant voltage drop ∆φ is prescribed. It drives the reaction, such that the 190 neutral Lithium is produced (consumed), until the particle is fully (dis-)charged.
The reaction rate is controlled by the single reaction step time τ 0 , which is given as 0.01 s for a fast reaction and 1 s for a slow reaction. The parameters for the simulation are given in Table 1 . Table 1 : Parameters for the simulation of the spherical particle.
The state of charge (SOC) with respect to time is measured in the simulation an acceleration of reaction when the particle is charged at roughly 30 % (A, E), because in both cases the phases start to form and the overpotential η s increases rapidly as the concentration increases, which can be seen in Figure 4 (a).
However, the phase segregation is very different in the two cases. The green The SOC with corresponding concentration profile of the particle at different charging rate. A fast reaction (green line) can give a core-shell structure while a slow reaction (red line) will not preserve the core-shell. However, the latter can give a more robust reaction after the phase segregation occurs. The pseudo plot is the curve when the core-shell structure is enforced when τ0 = 1 s.
line shows that, when the reaction is fast enough, a core-shell structure can be 205 achieved. This is in agreement with the predictions in the work of Singh et al. [31] , which stated that in an isotropic bulk-transport-limited case, where the bulk diffusion is much slower than the reaction, the phase boundary is driven largely by the incoming flux, thus a shrinking-core profile being formed. On the other hand, as shown by the red line, when the surface reaction is slow the outer shell approaches a full lithiation. However, in the other case, the reaction maintains its rate (F, G) until the phase segregation is suppressed. if the core-shell structure is maintained, the lithiation process becomes slower than that in the case when the particle is free to adjust the phase pattern for a more robust reaction.
Reaction inside the interface
225
To investigate the reaction in different phases and the phase interface, a square plate with isotropic and anisotropic chemical properties is studied in this section. The geometry is given in Figure 6 . No preferred direction for the reaction is assumed. Therefore, in the simulation, the reaction will take place in all six surfaces of the plate and the reaction rate is governed by the chemical In the isotropic case, as shown in Figure 7 , the flux is marching towards the interior from all four sides, and the phase segregation of a Li-rich frame and a
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Li-deficient depression forms. As more flux comes in, there arises an island of Li-rich phase in the middle of the Li-poor phase. This can be explained by the dynamics of diffusion and reaction, where the whole system is perturbed strongly and it is easy to achieve a phase segregation once the magnitude of fluctuation is large enough. As for the reaction, by comparing the concentration profile and 240 the reaction rate, one can observe that the reaction peaks at the interface front, where the concentration gradient is very high. In the two homogeneous phases, the reaction is relatively slow, especially in the Li-rich phase, where the reaction almost stops. This low efficiency of reaction in the Li-rich phase explains again why the core-shell structure is lithiated much slower than the other, studied in 245 the last subsection. These two cases are extreme. However, with proper implementation of crystal anisotropy, by filling the diffusion matrix also in the off-diagonal entries, one 260 can also achieve a core-shell structure with a polygon core, as observed in the work of Liu et al. [33] .
Reaction on the crack surface
As final example, we simulate an infinitely long cylinder with two initial parallel longitudinal cracks on its exterior. The problem is illustrated in Fig-265 ure 9, and the corresponding parameters are given in Table 3 . The electrode/electrolyte voltage drop is given such that Li is extracted from the cylinder. The reaction only takes place on the cylindrical surface and the crack surface. As it is explained in section 3.2, the reaction on the crack surface is approximated by the weighted source in the phase-field theory. In order to reach 270 the diffusive profile for the initial crack, the reaction is set to be zero for the first 3 seconds.
The results of the crack propagation is shown in Figure 10 . Initially, the concentration field is homogeneous. As the outer layer loses more lithium, a two-phase profile appears. It should be noted that at the crack tip lithium can 275 be supplied quickly from the unbroken material. In fact, due to the large tensile stresses at the crack tip, the drift effect of the mechanical field towards the crack tip becomes prominent. This effect can be seen more clearly in Figure 10 (c),
where the phase interface on the crack surface is far behind that in the other part of the material.
280
On the other hand, due to the loss of lithium, the outer layer turns to shrink.
Because of this mismatch with the interior Li-rich phase, tensile circumferential stresses arise in the outer layer, which drives the crack to propagate. At the first stage, the crack propagates faster than the interface. It then slows down, until the phase interface runs over the crack tip. After the phase interface of the driving force. However, the phase interface continues to move. The Lirich phase gradually reforms into a circular. At the end of the simulation, the whole material is almost fully delithiated, and the reaction stops. It should be mentioned that the interplay between the phase segregation and the crack 290 propagation can strongly depend on the choice of the kinetics parameters. A more comprehensive study on this topic will be carried out in the future.
During the whole process, lithium can indeed be released on the crack surface. To check the approximated reaction on the crack surface, the reaction and the corresponding concentration profile on the circular plate at SOC = 40 % are 295 demonstrated in Fig. 11 . At this state, on the crack surface both phases and phase interface are exposed to the electrolyte. By comparing these two plots, it can be seen that near the crack surface, the reaction peaks in the neighborhood of the interface and gradually diffuses into the bulk. In the Li-poor region, the reaction almost vanishes, while towards the crack tip the reaction is rather 300 strong. 
Conclusion
In this paper, the electrochemical reaction in the lithium ion batteries is studied by using phase-field modeling of fracture coupled with anisotropic CahnHilliard-type diffusion in the large deformation regime.
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The reaction on the surface is modeled through a modified Butler-Volmer equation, taking into account the influence of phase separation on the surface.
The reaction on the crack surface is considered as a source term within the volume weighted by a damage-variable-related term to constrain the reaction to take place only on the transition zone between the unbroken and broken state.
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Three examples are carried out to study different aspects. The first example of an isotropic sphere shows that the ratio of the timescale of the reaction and diffusion greatly influences the phase segregation of the material: a fast reaction gives a "shrinking core" while a slow reaction has the nucleation initiated already from the surface. In turn, the phase segregation also influences the 315 real reaction rate through the electrochemical potential on the surface. When a core-shell structure is formed, the highly homogeneous concentration on the surface prevents the lithium from further inserting into the particle. However, an uneven distribution of the concentration, although accompanied by a highly distorted surface, can give a much more robust reaction in the long run. In the 320 second example, the reaction on the interface of two phases in an isotropic diffusion and anisotropic diffusion is studied. Results show that, both in isotropic and anisotropic cases, the reaction rate peaks near the interface, where there exists a large concentration gradient. The last example shows the reaction on the crack surface. It is shown that the crack evolution can be driven by a out-325 flow of the species when the material exhibits a phase segregation behavior.
The electrochemical reaction on the newly created crack surfaces has been discussed, along with the interaction between the crack propagation and the phase segregation process. 
